Abstract. We give a short argument why the tensor product norm on K ⊗ k L is multiplicative when k is an algebraically closed valued field and K and L are valued extensions (valued in R). When the valuation on k is non trivial we use the fact that ACV F , the theory of algebraically closed (non trivially) valued fields, has quantifier elimination.
It is a classical fact that any two extensions K and L of an algebraically closed field k the ring K ⊗ k L is an integral domain (and this characterises algebraically closed fields). When K and L (and therefore k) are valued in (R ≥0 , ·), the tensor product carries a natural norm; by analogy with the non valued case, if k is also algebraically closed, we would expect this norm to be "prime", i.e., multiplicative, extending to a valuation of the fraction field. This is indeed proved by Jérôme Poineau [Poi, Corollaire 3.14], with both the result and the proof stated in the language of Berkovich spaces, making them fairly obscure to those not familiar with this formalism (such as the author, who is indebted to Amaury Thuillier for having pointed to and explained Poineau's result). Here we propose a more direct proof, using quantifier elimination for the theory of algebraically closed valued fields.
where k is a field and the valuation ring O ⊆ k is a sub-ring such that
× the value group, let |·| : k × → Γ denote the quotient map, and add a formal symbol 0 = |0|. We order Γ ∪ {0} by |a| ≤ |b| ⇐⇒ a ∈ bO. By a standard valued field we mean one together with an embedding of Γ in (R >0 , ·). An embedding of valued fields must respect the valuation ring (in both directions), and therefore induces an embedding of the value groups. An embedding of standard valued fields is also required to respect the embeddings of the value groups in the reals.
We refer the reader to any standard textbook on model theory, e.g., Poizat [Poi85] for a general discussion of elementary extensions and ultra-powers. When K/k is a field extension, let . . . k denote the span in K viewed as a k-vector space.
Lemma 3. Let K/k be an extension of valued fields.
(i) Let U be an ultra-filter, X ⊆ K, y ∈ K, and r rational such that |y| ≤ r|y
is algebraically closed and non trivially valued, then there exists an ultra-filter U and an
embedding ι : K → k U which is the identity on k. (iii) If K/k in the
previous item is moreover an extension of standard valued fields then the embedding
, and |a| = st |ιa| for all a ∈ K × , where st denotes the standard part map (so in particular, |ιa| ∈ R U lies in the convex hull of R + ).
Proof. For the first assertion, we use the fact that the pair
is an elementary extension of (K, k). For the second assertion, we may assume that K is algebraically closed. Since the theory of algebraically closed, non trivially valued fields (commonly denoted ACV F ) has quantifier elimination (see [HHM06] -all we need in fact is that it is model complete), we have K k, so K embeds in an ultra-power of k. For the last assertion, this happens automatically for any a ∈ k × , |a| = 1, which in turn implies the same for all a ∈ K.
Definition 4 ([BGR84, 2.1.7]). Let k be a standard valued field, K and L two standard extensions.
Lemma 5. Let k be a valued field, K ⊇ k an extension, and letx ∈ K m andr ∈ Q m be such that
(ii) Assume that K and L are standard valued field extensions of k. Then for everyȳ ∈ L m :
Proof. For the first assertion, let s k = i<k r i , let t = max i |a i x i |, and let k be maximal such that 
Since the hypothesis implies thatx are also independent,
as desired. Proof. It is clear that · is ultra-metric on A, and by the above it is non zero on A {0}, so it is enough to show that · is multiplicative. Assume first that the valuation on k is not trivial, and let ι : L ֒→ k U be an embedding as per Lemma 3(ii). Since K is a sub-field of K U , this gives us a natural map ι : A → K U such that z ≥ st |ιz| for all z ∈ A. For the converse inequality, let r > 1 be rational and write z =x t ⊗ȳ, say of length m, where |x i | ≤ r|x| for all x ∈ x i + x <i k , and by Lemma 3(i), also for all
Since r > 1 was arbitrary, st |ιz| = z , and since |·| is multiplicative in K U , it is in A as well. Notice that a similar argument works if k and at least one of K or L is trivially valued, using quantifier elimination in ACF .
When k is trivially valued (and neither K or L is) we need a different argument. Call z ∈ A (α, β)-pure if it can be written asx t ⊗ȳ with |x i | = α and |y i | = β = z /α for all i. When z, z ′ ∈ A are pure, we can multiply them by elements of K and L to reduce to the case where both are (1, 1)-pure, which case zz ′ = z z ′ holds since the tensor product of the residue fields is an integral domain. Since k is trivial, on any finite-dimensional V ⊂ K there are only dim V + 1 possible valuations. Therefore any z =x t ⊗ȳ can be re-written asū t ⊗v, where u i ∈ x i + x <i has least value (possibly zero), in which case z = max i |u i ||v i | by Lemma 5(ii). Thus every z can be written as z 0 +x t ⊗ȳ, where z 0 is (α, β)-pure for some α, β, and |x i ||y i |, |x i | < (αβ, α) in lexicographic order for all i. Conversely, by applying the same procedure, every z which can be written in this manner must have norm αβ. This observation together with the case of product of two pure elements yields the desired result.
6
Remark 7. In our definitions we only considered non Archimedean valued fields. More generally, an absolute value on a field k is a map |·| : k → R ≥0 , satisfying |ab| = |a||b|, |a + b| ≤ |a| + |b|, |0| = 0 and |1| = 1. It is a standard fact (e.g., Artin [Art67] ) that such a valuation is either Archimedean, i.e., |a| = |ι k a| α , where α = log 2 |2| ∈ (0, 1] and ι k : k → C is uniquely determined up to complex conjugation, or is a standard valuation as defined above. In particular, if K/k is an extension of valued fields in this sense, then one is Archimedean if and only if the other is, in which case we may choose ι K so that that ι k ⊆ ι K , and if k is algebraically closed (or merely such that the image of ι k is not contained in R), this determines ι K . When K and L are two extensions of an algebraically closed Archimedean valued field k, we can define on K ⊗ k L:
